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1. Introduction 



One basic problem in superstring theory concerns the explicit evaluation of the higher 
genus amplitudes. A fundamental step in such a direction has been done by D'Hoker 
and Phong that in a series of remarkable papers 5 provided an explicit gauge slice 
independent formulation of the NSR superstring at genus two. Their analysis also pro- 
vides relevant suggestions for the higher genus generalization. The fact that the quantum 
string is described in terms of classical geometry of the moduli space suggests trying to 
investigate the structure of the higher genus amplitudes from purely algebraic-geometrical 
considerations. 

In recent years, a new covariant formulation of the superstring has been proposed by 
Berkovits @-|T^. In this respect we observe that the analysis of (super) strings leads to 



consider basic properties of the moduli space of Riemann surfaces. Below we will comment 
on a possible algebraic-geometrical interpretation of the pure spinor condition. Such a 
condition is a bilinear relation on differentials, whose weight is changed after the twisting, 
depending on the superstring critical dimension. Known classical relations among differen- 
tials concern, e.g., the characterization of a basis of holomorphic quadratic differentials, out 
of the g{g -|- 1)/2 one may get by bilinear combinations of the holomorphic one-differentials 
(Schottky problem). Other relations among holomorphic differentials which, like the pure 
spinor condition, involves the critical dimension, is provided by the Mumford isomorphism. 

In this paper we focus on the higher genus 4-point superstring amplitude. In the case 
of genus 2, this problem has been first considered by lengo and Zhu [jl^. Following the 
methods of [|l|], an explicit formula, still gauge slice dependent, has been derived in |jT^. 
The basic problem of a fully gauge slice independent formulation has been finally resolved 

' (detlm0)3 (detlm0)2" ' 
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G{z, w) := - In \E{z, w)\'^ + 2nlm j w,(ImO)-.ilm j 
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and 



A(2, w) := uJi{z)uJ2{w) - uj2{z)ui{w) 



is the basic holomorphic antisymmetric bi-differential which plays the role of building 
block for the genus 2 superstring amplitudes. A preliminary investigation concerning the 



extension to higher loop of ( |1 . 1|) has been considered in [19|. A similar formula has been 
recently derived by Berkovits in his pure spinor formalism [51 . 
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To find the higher genus extension of such an amphtude requires considering two 
problems 



1. Find the higher genus version of the modular invariant measure 



(detlm0)3 ■ 

Whereas in the case of genus 3 the analog of such a volume form can still be used, 
except for the hyperelliptic locus where by Nother theorem the bilinears LL!i{z)uj{z) 
span a {2g — 1) -dimensional subspace of H^{Tj, K'^), in the case g > 3 the ^g{g + 1)- 
dimensional space of symmetric g x g matrix with positive definite imaginary part, 
should satisfy conditions leading to a subspace parametrizing the moduli space. 

2. The other problem with the higher genus extension of 4-point amplitude concerns the 
generalization of 

^4 (detlm0)2 

On the other hand, whereas G{zi,Zj) is canonically defined for any g, there is not 
an obvious extension of ys- However, we will see that we are essentially forced to 
still use the determinants of the holomorphic one-differentials as building block for 
constructing the 3^5. This implies that one has to introduce g — 2 more points for each 
determinant. Since the determinants come in pair, we need to introduce 2g — 4 points. 
We then are lead to analyze the structure of the possible permutations between such 
points and then integrating on E^S"^. 

Then our proposal is 

Ar''^°P = S, / \detg\'/^dE^A...AdEsg-sJ'g{h) , (1.2) 

JMr. 



where g is the Siegel induced metric derived in [20|, dS^, i = 1, . . . , 8(7 — 3 are the moduli 



induced by the constraints on dflij [^. Furthermore 
and 



g z — ^t<J 

Y^2g (detlm0)2 



ys = {h - k2) ■ (ks - k^)ni2M + 2^3 + 2^4, (1.3) 
where 7ii2,34 is a sum on a set of permutations of 2(7 — 4 points of terms such as 

Xl2{wi^g-2)X'i4^{Wg-i^2g-4) , 
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where 

Xij{Wk^rn) ■.= det U;{Zi,Zj,Wk,--.,Wm) ■ 

Defining 3^5 in terms of determinants of holomorphic differentials and tfien integrating on 
tfie 2g — 4 variables {wk}, provides a way to get modular invariant linear combinations, 
of terms sucli as \Aij{zi, Z2)Aki{z3, Z4)\^ , wfiere Aij{zk,zi) := uji{zk)ujj{zi) - ujj{zk)u)i{zi), 
with the coefficients given by bilinears in the minors of order g — 2 of ImQ divided by 
(detlmO)^. For example, as we will see, integrating over wi, . . . , Wg-2 the simplest prod- 
uct, we have 



1 



/ TT Idwkl"^ detuj{zi, Z2, wi,.. .,^9-2) detuj{zs, Z4, wi, . . .,Wg-2) 



2^-2(^7 -2)! 7^,-2 ^ 

y^(-lY+J+r-+r^A,^{Zi,Z2)A^n{Zs,Z4) det Im Ofc, . 

m-Cn 

From a geometrical point of view, our investigation corresponds to find the higher genus 



analog of Thus, besides modular invariance, one should care about the absence of 

ambiguities, such as the dependence on the choice of arbitrary points in the higher loop 
generalization of ( p. . 1| ) . Using the determinants of the standard basis of the holomorphic 
differentials and then integrating over the additional 2g~4 points removes possible ambigu- 
ities and guarantees modular invariance. Therefore, the main properties of the amplitude 
we derived are 

a. Manifestly ambiguity free. 

h. Modular invariance. 

c. Reproduces the g = 2 expression. 

Among the possible permutations of the points {wk}, we will focus on two particularly 
simple cases. The simplest one corresponds to consider 

"^12, 34 = Xi2{wi^g-2)X34{Wg-i^2g-i) + X34{wi^g-2)Xi2{Wg-i^2g-d , (1-4) 



SO that ( p..3|) guarantees the invariance of 3^5 under the simultaneous exchange of ki kj, 
Zi ^ Zj . Since this is also the property of the exponential in ( |1.2|) , the resulting amplitude 
is symmetric under exchange of the momenta. 

It is interesting to understand the general structure of Hij^ki once one considers differ- 
ent choices of the possible permutations, an issue considered in detail in the paper. Since 
by construction the amplitude is invariant under permutation of the external momenta, it 
is clear that different choices of permutations of the {wk} will always lead to an expression 
of |3^s|^ proportional to (s^ + + tt2)(detlm0)2, where the term (detlmO)^ follows 
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by the properties of |3^sP under modular transformations. Nevertheless, because of the 
exponential of the Green- functions, different choices would in principle lead to different 
expressions for the amplitude. 

The fact that modular invariance essentially leads to introduce determinants of the 
canonical basis of holomorphic one-differentials differentials w^, suggests that the pair of 
extra g — 2 differentials tOk is due to zero modes. In the standard approach such zero modes 
are related to the spin structures of the — 7 system, while, interestingly enough, in the 
Berkovits approach the zero modes are related to other elementary fields. 

We note that in |^ , besides the derivation of the 4-point g = 2 superstring amplitude, 
Berkovits also notes that preliminary calculations in his formulation indicate that the 
momentum dependence of the higher genus 4-point amplitude is the same of the one in 
genus two, in agreement with the suggestion by Zhu in [|T^. On the other hand, on general 
grounds, it is difficult to understand the mechanism for which terms giving contributions to 
D^R^, having the same analytic general structure of the genus two case, may be suppressed. 
However, such a possibility cannot be excluded, for example by summing on antisymmetric 
permutations of the {wk}, an operation which is reminiscent of the summation over the 
odd spin structures, one may get a vanishing result. Nevertheless it remains the problem of 
finding an analytic structure for the amplitude which takes place only at genus greater than 
two. Another possibility is that for g > 2 the hyperelliptic contribution, that we do not 
consider here, may lead to some cancellation mechanism. On the other hand, the inclusion 
of the hyperelliptic locus corresponds to a generalization of ( p. . 2| ) involving essentially only 
the measure. Since the hyperelliptic locus has codimension g — 2, also in this case one 
should understand the structure of such a cancellation. It would be interesting to fully 
understand the basic role of ^S-duality for the higher genus amplitudes along the lines 



investigated in |21 



The paper is organized as follows. In section 2 we first consider the problems which 
arise in choosing additional points in defining the g x g matrices uJi{xj). We will also 
comment on some properties satisfied by the basis of holomorphic differentials which are 
related both to the problem of the measure on JUg (Schottky problem), and to some 
speculation on the possible geometrical understanding of the pure spinor condition. Next, 
we will shortly review the measure on the (coarse) moduli space corresponding to the 
generalization to higher genus of the g = 2 measure. 

In section 3 we will start by constructing 3^5 by means of a suitable combination of 
products of determinants. We then will consider in some detail the underlying combi- 
natorial structure which arises in considering the permutations of the additional points 
{wk}- As we will see, the kind of analysis suggests further developments which may be of 
mathematical interest as well. 

Finally, section 4 is devoted to conclusions and suggestions for future investigations. 
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2. Geometry of Aig and the modular invariant metric 

There are two main questions in considering the higher genus generalization of the 4- 
particle amplitude, the measure on the moduli space and the higher genus generalization of 
the holomorphic bi-differential A(z, w). Let us first concentrate on the latter. On general 
grounds, we should look at the simplest possible generalization. This would suggest that 
even in higher genus 

A{z,w) = det uji{zj) , (2.1) 

with zi = z and Z2 = w. However, such an expression would require choosing the g ~ 2 
points ^i, i = 3, . . . , (7, that, in order to avoid ambiguities in defining the amplitude, should 
be chosen in a canonical way. Also note that a naive integration along cycles of E on each 
of the g — 2 points would spoil the modular properties of A{zi, Zj). At first sight, however, 
there is no a canonical way to fix such a set of points. In particular, we cannot expect that 
this set would correspond to the zeroes of some differential. The reason is that the degree of 
a A-differential is 2X{g — l), so that fixing a set of canonical points should require a number 
of points multiple of g — 1. A typical example concerns the g — 1 zeroes of the holomorphic 
one-differentials constructed in terms of the ^-function with odd spin structure. This zero 
set depends on the period matrix and on the particular odd spin structure, so it reduces 
the freedom in choosing the points to the choice of the particular odd spin structure.0 

There are several structures that start emerging at genus three. One concerns the 
dimensionality of the locus where the ^-function vanishes identically. To understand when 
this happens, note that linear independence of the g holomorphic abelian differentials may 
fail at specific points. This means that there are divisors for which the rows of uji{zj) are 
linearly dependent. Writing det uJi{zj) in terms of ^-functions and prime forms, one sees 
that such a locus of super zeroes is g — 2 dimensional. 

Another place where appears a dependence on g — 2, concerns the systematic con- 
struction by Petri of a basis for H^^E, K'^) by means of bilinears of a suitable basis of 
H^iTi^K) (see also and ||2^ for related constructions). In turn, this is related to 



the mentioned fact that the codimension of the hyperelliptic locus in the moduli space of 
Riemann surfaces is just g — 2. 



2.1. Critical dimension and Mumford isomorphism. 

The geometry of the moduli space is deeply connected with the field-theoretical formu- 
lation of string theory. In particular, there are properties, such as the critical dimension, 
which are directly connected to basic relations satisfied by the holomorphic differentials. 
For example, in the g > 3 non-hyperelliptic case, constructing a basis of holomorphic 

^ For hyperelliptic Riemann surfaces of = 3 one can use a 0-function with even characteristic. 
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quadratic differentials in terms of bilinear combinations of the canonical basis of holomor- 
phic one-differentials Ui is the Schottky problem. A twisting in the field content may be 
connected to such relations. There is another relevant relationship between holomorphic 
one- and two-differentials, the Mumford isomorphism 
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where E is the Hodge line bundle and K the determinant line bundle. Schottky prob- 
lem and Mumford isomorphism involve strictly related structures. On the other hand, 
the Mumford isomorphism provides an algebraic-geometrical understanding of the bosonic 
critical dimension ||2^[^. We also note that such issues are strictly related to the prob- 



lem of classifying the higher genus modular forms, and so to the problem of writing the 
Mumford form in terms of ^-constants and related objects (see e.g. ||25|| ). 

There is another relationship involving differentials on Riemann surfaces and critical 
dimension. This is the pure spinor condition 

Ao7"L/3A/3 = , A«7";/?A/3 = . (2.2) 

Here m runs from to 9 and 7^ are 16 x 16 matrices which are off-diagonal blocks of the 
32 X 32 ten-dimensional F-matrices and satisfy 

Originally the A's and A's are considered (|, 0)-differentials and (0, |) -differentials respec- 
tively. After twisting the A's become (0, 0)-differentials and A's (0, l)-differentials. 

Note that bilinear relations among holomorphic abelian differentials may lead to con- 
ditions on scalars and 1/2-differentials. This suggests that the pure spinor condition ( |27^ ) 
may be related to the Schottky problem. In this respect, it is worth noticing that the 
Schottky problem itself is related to the uniformization problem via the Liouville equation 

Let us also notice that in the pure spinor formalism the 6-ghost is a composite field. 
It would be interesting to understand whether there exists a suitable combination of zero 
modes of elementary fields that may suitably combine to build the volume form on Aig 
made of quadratic holomorphic differentials. 

2.2. The induced measure 

We now consider the problem of defining the higher genus version of the measure 



on the moduli space in (|LT|). Let A4g be the locus of moduli space of compact non- 



hyperelliptic Riemann surfaces of genus g > 4. The restriction on A4g of the measure on 
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the Siegel upper half-space has been derived in [ 20 ] . In the foUowing we briefly review the 
results of this paper. 

Let E be a compact non-hyperelliptic Riemann surface of genus g > 4 and {wi, . . . , iVg} 
the canonical basis of H^{T,, K), with K the canonical line bundle of E. Let pi, . . . ,pg be 
a set of points in E such that 

detw(pi,...,Pg) ^ , 

where detu{pi, . . . ,pg) := detu!i{pj). Then 

. X _ detuj{pi,p2, ■ ■ ■ , Pi-i,z, pi+i, ...,Pg) , . 

detw(pi, ...,Pg) 

i = 1, . . . , gr, is a basis of -ff°(E, K). 

We introduce the g{g + l)/2-dimensional vector v 



al , k = l,...,g , 

cTi+jaj , k^i+ j{2g -j + l)/2 



where j = l,...,g — l,i = l,...,g — j. If we assume that the divisors of (a^) consist of 
distinct points, then {vj} := {vi, . . . ^vsgs} is a modular invariant basis of H^{'E, K'^), 
the space of the holomorphic quadratic differentials on E. 

Let W{P) be the Wronskian W{vi, . . . , vsg-3){P) of the basis {vj} at a generic point 
P G E and Wk,ijiP) be the Wronskian W{vi, . . . ,Vk-i:UJiUJj,Vk+i, ■ ■ ■ ,V3g-3){P) at P. 
We have 

Theorem 1. 

u;.{z)u;,{z) = J2 ^M^) , (2.4) 
k=i 

where the ratio Wk,ij/W does not depend on the point P. 
The line element ds on the Siegel upper half-space 

ds'^ :=Tr[{lmn)-^dn{lmn)-^dn] , 
defines the volume element 



y I 
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Let k be the Kodaira- Spencer map identifying the quadratic differentials on E with the 
fiber of the cotangent of the TeichmiiUer space at the point representing E. We have 

k[uJiUjj) = (27rz) ^dflij . 

Let us set 

dEi := 2Tvi k{vi) , z = 1, . . . , 3(7 — 3 . 

By Eq. ( p.4|) we have 

dQij = ^ —^dEk , 
fc=i 

i,j = 1,- 

Theorem 2. The line element ds^j^ on Aig induced by the Siegel metric is 
where 

g-- \W\-^l^[{l'avQ)-^Wi{lmVt)-^Wj] . 

It foUows that the Siegel induced modular invariant volume form on M.g is 

dp := I det g\^ dEi A ... A dE^gs . 

3. The modular function 3^5. 

In the following we will define the higher genus version of the genus 2 formula for 3^5. 
In particular, we generalize the building blocks A{zi, Z2)A{z2, Z4), used to construct 3^5 in 
the genus two case, as a product of a pair of determinants of holomorphic one-differentials 
on the Riemann surface E. We will be forced to introduce 2g — 4 arbitrary points, that will 
be integrated over E^^~* in order to obtain an unambiguous result. The formula will result 
to be modular invariant and to reproduce the genus 2 expression of the 4-point superstring 
amplitude. 

At genus 3, the above requirements fix, up to a normalization constant, the form of 
3^5. At higher genus we have to deal with several possibilities. Although we will consider 
all these possibilities, we will show that there exists a simple formula which seems a natural 
generalization of the genus two case. 
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3.1. Definitions and properties 
Let us define 

X{wk^n) := detw(M;fc, . . . , 

Xij{Wk-,m) -.^ detu{Zi,Zj,Wk, . . . ,Wm) , 

X{Wp(k^ri)) ■= detuj{wp(^k), • • • , W^p(n)) , 
Xij{Wp^k^rn)) ■=detu{Zi,Zj,Wp(^k):---,'Wpim)) , 

for all k,n,m E N, witfi n — /c + 1 = (7 and m~k + l= g — 2, and set 

"^ij,/;:/ := ^ C(p)Xjj(?i;p(i^g_2))Xfci(ti;p(g_i^2g-4)) 7 (3-1) 

peB2g-4 

where wi, . . . , W2g-4 are points in E, C(p) are coefficients in C and -62^-4 is a subset, tliat 
we will define below, of the group of permutations of {1, 2, . . . , 2(7 — 4}. Essentially, we 
want the elements in -623-4 to be in one to one correspondence with all the different ways 
of choosing g — 2 points out of the 2g — 4 points {wi}. Therefore, we require that for any 
pair p,a E i?2g-4, P 7^ o- implies 2, . . . ,g — 2}) 7^ cr({l, 2, . . . , (7 — 2}). There is not 

a unique way to choose the elements in -629-4; different choices can give some minus sign 
that can be reabsorbed by a redefinition of the coefficients C{p). 

We also impose the following constraint on {C}: if a pair p,a E -62^-4, satisfies 
2, . . . , fif - 2}) = a{{g - 1, fit, . . . , 2fif - 4}) then C{p) = C{a). This ensures that 
'Hij^ki = 'Hki^ij. One can verify that, at genus (7, we have to fix {2g — 4)!/2[((7 — 2)!]^ 
independent coefficients C. Each of them appears twice in ( |3.1| ). We can avoid this 
redundancy using the equivalent definition 

'Hij^ki '■= 

C{p)[Xij(Wp(^i^g_2))Xkl{Wp^g_l^2g-A)) +Xkl{Wp(^l^g_2))X^J{Wp(^g_l^2g-4)))] , 

where p G -62^-4 ^^g-A satisfies the condition p(l) < g — 2. We define 

ys := ih - k2) ■ (ks - k^)Hi2M + 2^3 + 2^4, 
and propose that the integral in is now replaced by the integral over 
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where G{zi,Z2) = — In 22)^ + 27rlm J^^^^ (ImO)^^-^ Im J^^ uj. Under a modular 

transformation O = {AQ + B) ■ (CO + D)~^, we have 



det Im n = I det(Cn + £>) 1"^ det Im O , 

\ys\^ = \det{cn + D)\-''\ys\^ , 

so that J-'g{ki) is modular invariant. 

Performing the integration over the 2g — 4 variables {wk} in ( p.2|) results in a linear 
combination of terms such as \Aij(zi, 22)^fcz(^35 ^4)^5 times e ^*<j G{z^,z-,) ^ where 

Aij{zk,zi) := Ui{zk)uj{zi) - ujj{zk)uji{zi) , 

with the coefficients given by bilinears in the minors of order g — 2 of ImO divided by 
(detlmO)^. To see this, ffist observe that since the determinant of a n x n matrix can be 
written as 



det a — ei^...j^aii^ . . . ani„ — ,^ii...in^ji...jn^iiji • ■ ■ ^^injr. 



we have 



det / \dz\'^uj,ujj = - / T\\dzkfe,^,,,,^ej^,,,j^uj,^{zi)ujj^{zi)...uj,^{zg)ujj^{zg) 
Jt, 9- Jt.9 y. 

so that, considering the index of the integration variables as matrix index, 

— / TT det (^j) p = det / 0;^ A cuj = 2^ det Im O^j , (3-3) 

9- Jt,9 Jt. 



where 

\dz\'^uJiLijj := —i / LiJi AiUj = 2ImOij . (3-4) 



In order to explicitly perform the integration of the 2g — 4 variables {wi} in ( p.2| ), we 
factorize the dependence on the {zi} in TLij^ki- To this end, note that 

tii...ig — V ^) ^ili2^i3...ig ' 

where the value of the superscripts ii and Z2 are excluded from the range of values of ik>2 
and ei^i2 = I5 ^il^.^.ig = 1 if U < ^2 and is < . . . < ig, respectively. Therefore, we have 

detu{zi,Z2,wi,...,Wg-2) =y^(-iy^^^^[uJi{zi)uj{z2) - ujjizi)ui{z2)] det Uk{wi) , 

(3.5) 
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where / = 1, . . . , g — 2. By means of such a factorization, we may perform the integration 
on the 2g — 4 variables {wi} in (|3.2|). For example, by ( |3?5| ) and (a version of) ( p.3| ), we 
have 

T—rr ^ / Y[\dwk\'^detu{zi,Z2,wi,...,Wg-2)detQ{z3,Z4,wi,...,Wg-2) = 

E[-\y^^^'^+'^\uj^{zx)uJj{z2)-0Jj{zx)uJi{z2)\ det \vaVLu\i^^{z-i)Uri{Z'^)-^n{Z'i)u}^{z4)\ . 

m<in 

This shows that partial integration on the variables of products of determinants provides a 
method to construct linear combinations of uJi{zi)ujj{z2)oJk{z3)^i{z4), with the requested 
properties under modular transformations. 

3.2. The integration over 

In , the amplitudes calculated using the genus two formula were compared with the 
corresponding terms in the type IIB low energy effective action. In particular, the two-loop 
contribution to the D'^R^ term, predicted by 5'L(2, Z) duality [|21[], was obtained by setting 
the momenta /c^ = in the exponential of the integrand of the 4-points amplitude formula. 
More precisely, in the identity 

A(2i, 22)A(^3, z^) + A(^i, ^4)A(22, ^3) + A(2i, ^3)A(24, 22) = , (3.6) 
where A(zi, Zj) := uji{zi)uj2{zj) — uj2{zi)uji{zj), implied 

/ \ys?= [ \sA{zi,Z4)A{z2,zs)-tA{zi,Z2)A{z3,Z4)\'' = 32{s^+t^+u^){detlmVif . 

(3.7) 

We note that, at generic g, the symmetries of the function ys under the exchange 
{zi, ki) ^ {zj, kj) and the relation s + t + u = constrain /^-.ag to be proportional to 
(s^ + w^) det(ImO)2. The term + + V? is the unique homogeneous polynomial 
quadratic in the Mandelstam variables which is symmetric under the exchanges u ^ s, 
t ^ s, u ^ t. Furthermore, since 3^5 is a product of two determinants made of the canonical 
basis of holomorphic one-differentials, modular invariance implies that this integral must 
be proportional to (detlmfi)^. 

In the following we will show that, by a suitable choice of the coefficients C(p) defining 
Tiij^ki in (pn|), the relation ( |3.6| ) can be generalized to 

'^^12,34 + '^^14,23 + "^13,42 = . (3-8) 
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The above remarks suggest that with such a choice of the coefficients C{p), a generahzation 
of ( p.7| ) holds also at higher genus. It is instructive to explicitly perform the calculations 
that will also provide the exact numerical factors. 

In the remaining of this section we will consider the following steps. 
1. First we will derive a formula that will allow us to easily compute 

Ci := / |'^^12,34p 5 



2. Next we will show that the condition ( |3.8| ) is equivalent to £1 = —2C2 and this will 
be used to find a class of coefficients C(p) satisfying (|378|). 

3. Finally, for this class of coefficients, we will compute j^^g |3^sP- 

3. 3. Combinatorics of determinants 

Let r be a permutation of the set {1,2,..., 2g}. We define the following sets 

:={l,2,...,(7}nr-\{l,2,...,(7}) , 
D2 ■.= {g+l,g + 2,...,2g}nT-\{g + l,g + 2,...,2g}) , 
h ■.= {g+l,g + 2,...,2g}nT-\{l,2,...,g}) , 

h :-{l,2,...,(7}nr-i({(7 + l,^7 + 2,...,2r7}) . 

Note that CardDi = Card-D2 = fi* — w, where m := Card/i = Card/2. 

Theorem 3. Let {xi, X2, . . . , X2g} he a set of 2g points in E, r a permutation of 
{1,2,..., 2g} and Di, D2, /i, I2 SLnd m as above. Then 

P{t) := / X{xi^g)X{Xg+l^2g)X{x^-l(^i^g))X{x^-l(^g+l^2g)) = 

= ±gl{g - m)!m!(det A)^ , 
where A := 2ImO, and the sign depends on the permutation r. 
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Proof: We have 

P(r) = / e{i)e{j)e{k)e{l)uj^,{xi) . . .uJ^^{xg)uJj,{xg+l) . . .ujj^{x2g)- 

where e{i) := g*i*2 - *9 Performing the integration, we obtain 

P(r) = e(z)e(i)F(^,j) , (3.9) 

where 

F{iJ) := e{k)e{l) JJ Ai^k^^^^ JJ ^^^-s^-c-) 11 ^**^-w-9 H ^i^-^'^Cn)-. • 

r€-Di sell te/2 ^61)2 

The indices z's and j's are just permutations of the set {1, 2, . . . , (7}, because of the factors 
e{i)e{j) in (|3.9|). This means that, for each s G /i, js_g must be equal to one and only one 
it, t G -Di U l2- If ^f = is-g for some r E Di and s G /i, we can write 

F{i,j) = e{k)e{l)Ai.k^^.^Aj.^^k,^,-, • (other terms) , 

where the terms in the brackets do not depend on kT-(f) s-nd A;r(s)- In this case, F{i,j) 
is both symmetric and skew-symmetric in kT(f) aiid /Cr(s)5 so it must vanish identically. 
Thus, a necessary condition for F{i,j) to be non-vanishing is the existence of a bijective 
map 

V - h , 

such that ir]{t)-g = H for all t E l2- In this case, we can write 



F{i,j)=t{k)t{i) n a,.k,.,\{kk..,., n ^^-^-.^.o.-ix.)-. n ^ 

Let us define 



3 u — g^T (u) — g 

reDi teh seh ueD2 



and 



Mr) := <! ^^""^ if r G 1^1 , 

\t o rj {r) li r E I2 , 

^{t):=C^^ ,,,, ^Jl^f'' (3.11) 

'^^ ^ ' r o 77 ^(t) if t G /i , ^ ^ 



which are permutations of the sets {1, . . . , (7} and {g + 1, . . . , 2g}, respectively. We have 

9 9 

F{i,j) = e{k)e{l) n ^vfc.M n = 

r=l s=l 

= e(A;)e(Osgn (A)sgn (^) JJ A,^k^ JJ A,^;^ = e(z)e(i)sgn (A)sgn (^)(det Af , 

r=l s=l 

(3.12) 
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where we have relabeled kx(r) ~^ K and Ig- The term sgn (A)sgn (^u) comes 

from the rearrangement of the /c's and Ts in e{k)e{l), and we used the identity 

9 

e{k)\\A,^k, = e(z)detA . 

r=l 

Note that, for a fixed r, there are, in general, several different choices for the map rj. If we 
change 77 77', we have 

sgn (A') = sgn [rj' o ri~^) sgn (A) , 
sgn {(i') = sgn {r]'~^ o ry) sgn (^u) , 

and then 

sgn (A')sgn (/i') = sgn (A)sgn (/i) . 

Therefore, the product sgn (A)sgn (/i) depends only on r and not on 77. We find that if 
F{i,i) is nonzero, then it depends on the z's and j's only through the product e{i)e{j). 

We now insert ( p.l2| ) into (|3.9| ) and sum over all the sets of indices i and j for which 
F{i,j) is not null. We can arbitrarily choose the values of ii, . . . ,ig] there are gl different 
possibilities. We must choose the j's in such a way that there exists a function 77 as above; 
this is a constraint on the values of js-g, s G /i. There are exactly m\ different bijections 
77 from I2 to Ii. Finally we can choose the values of the remaining g — m indices j^, for 
M G -D2, that gives a factor {g — my.. We obtain 

P(r) = sgn (A)sgn ((u)(7!((7 — m)!77i!(det A)^ . 

3.4. Evaluation of Ci and C2. 

We now use theorem 3 to compute Ci and £2- These terms split into two contributions 

A = 2(£f + /:f) , 



where 



^f'"" = E C{p)C{a) I Lf'"" , (3.13) 



and 



Li ■= Xi2(t«p(l^g_2))-^34(«'p(g-1^2g-4))-^12(«'cr(l^g-2))-^34(«'cr(g-1^2g-4)) , 

Lf := Xi2('Wp(l^g_2))-'f34(«'p(g-1^2g-4))-^34(«'o-(l^g-2))-^12(«'cr(g-1^2g-4)) , 

L2 '■= -^14(«'p(l^g-2))-^23(«'p(g-1^2g-4))-^12(«'cr(l^g-2))-^34('Wo-(g-1^2g-4)) , 

L2 '■= -'^14(«'p(l^g-2))-'^23(«'p(g-1^2g-4))-^34(«'<j(l^g-2))-^12(«'cr(g-1^2g-4)) • 
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Let us consider L^. By the change of variables 'Wp(i) Wi we can replace in ( |3.13|) by 

-^12(M'l^g-2)-'^34(«'g-1^2g-4)-^12(w^p-ioa(l^g-2))-'^34(«'p-iocr(g-1^2g-4)) ■ 

We define the variables {xi\, i = 1, . . . , 2(7 as 



Xi 



■ 2^2 , ^3+2 ^4 5 

Wi-2 , z = 3, ...,fir, a;i:=t(;i_4, i = g + 3, . . . ,2g . 



Then, we have 

E ^(p)C'(a)P(r) , 

where -P(t) is the expression in the previous theorem and r is the permutation 

r(l) = l, T{g + l)=g + l, 

r(2) = 2_, ^(^ + 2) = (7 + 2 , 

r(z) = (T"^ op(i - 2) , z = 3, ...,5f, r(z) = (j"^ o p(z - 4) , z = + 3, . . . , 25f . 

(3.14) 

Let us define 

n := Card [p({l, 2, . . . , (7 - 2}) n a({(7 - 1, (7, ■ • • , 2(7 - 4})] , (3.15) 



and notice that 



n = Card[{3, 4, . . . , (7} n r'^ ({(7 + 3, . . . , 2(7})] . 



Since {1, 2} C -Di, and r ^({(7 + 1, (7 + 2}) C D2, the above intersection corresponds to the 
set 12- Then, by theorem 3 with m — n we obtain 

9-3 
n=0 

where 

F^= E Cip)Cia)S{p,a) . (3.16) 

Here the sum is over all the pairs (p, cr) G B2g_^{n) C -B2g_4 x i?2g_4, such that the 
intersection defined in ( |3.15| ) has n elements, and 

'5(p,a) = sgn(A)sgn(p) , 

where A and p are defined in ( |3.1C1| ) and ( |3.11| ), with rj an arbitrary bijective function from 
h into h. Note that A(l) = 1, A(2) = 2, ^(sf + 1) = + 1 and n{g + 2)= g + 2. 
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A similar calculation can be performed for Cf. We use the same change of variables for 
the {wi} and the same definition for the variables {xi}. In this case, the permutation r is 
given by 

r(l)=^7+l, t(^ + 1) = 1, 

r(2)=^7 + 2, t(^ + 2) = 2, 

while the other entries are the same as in the previous case. We define n as in ( |3.15| ). In 
this case {1, 2} = T~^{{g + 1, g + 2}) C /2, so that, we can apply theorem 3 with m — n + 2 
to get 

3-3 

£f = 5^ Fr.g\{g -n-2)\{n + 2)!(det A)^ , 

n=0 

where is defined in (|3.16| ). No extra minus sign comes from the product sgn (A)sgn [n). 
To see this, notice that we can choose an arbitrary 77 in the definition, since this product 
does not depend on this choice. We set 77(1) = g + 1 and 77(2) = (7 + 2, and obtain A(l) = 1, 
A(2) = 2, n{g + 1) = (7 + 1 and ii{g + 2) = g + 2. These are exactly the same relations as 
for and then we get the same overall sign. 

Let us now consider £^ and C2 ■ In the case of £^ the permutation r is defined by 

r(l) = l, r(^7 + l)=2, 

r(2) = (7 + 2 , r{g + 2)=g+l, 

while in the case of £^ we have 

r(l) = (7+l, T{g + l)=g + 2, 

r(2)=2, T{g + 2) = 1. 

We have {1} C L>i, {2} C {fi' + l} C h and {g + 2} C D2 in the case, while {1} C 
{2} C -Di, {(7 + 1} C -D2 and {g + 2} C Ii in the £f case. Thus, we set m = n + 1 and 
obtain 

9-3 

C^ = C^ = -Y. FngKg - n - l)!(n + l)!(det Af . 

The minus sign arises because of the product sgn (A)sgn (n). To see this in the £^ case, we 
choose 77(2) = g + 1 and obtain A(l) = 1, A(2) = 2, fx{g + 1) = g + 2 and ^{g + 2) = g + 1. 
The interchange g + l^g + 2m the n permutation gives the minus sign. A similar 
computation can be performed for Cf. 

Summarizing, we have 

9-3 

£1 = 2 J]F„£^![(£^-7^)!7^! + (£/-7^-2)!(7^ + 2)!]22^(detIm^)2 , 

9-3 

£2 = -4j2FngK9-n-l)l{n + l)l2^3{detlmnf , 

n=0 



16 



where is defined in ( p.l6 ). We remark that these formulas hold for generic choices of 
the coefficients C(p). 

3.5. A condition on the building blocks 

We claimed that the condition ( |3.8| ) is equivalent to the following constraint 

£1 = -2C2 , (3.17) 

that is 

9-3 

F4{g -ny.n\ + {g-n- 2)!(?i + 2)1 - 4{g - n - l)!(n + 1)!] = . (3.18) 

n=0 

Actually, we trivially have 



3>Ci — / |7ii2,34| + / |'^^13,42| + / |'^^14,23| 5 
Je2s Je^s Js2s 

3/^2 = / '^12,34'^13,42 + / ^^12, 34^^14, 23 + / '^IS, 42^^14, 23 : 

JE2S J-£2g Jj^2g 

where, in each sum, the three terms are related each other by suitable changes of variables. 
Then, the relation 3(£i + 2C2) = reads 

|'^12,34 + "^14,23 + '^13,42p = , 

'E29 

that is Eq.(|33). On the other hand, if holds, then 

/ \yS?=f \sni4,23-tni2,3^\^ = is^+t^)Ci-2stC2 . 

Since Jj^2g |3^sP is proportional to + + = 2(s^ + + st), this implies ( p. IT] ). Note 
that we can use the formulas for Ci and C2 to evaluate /^2s |3^sP- 



In the following we will consider the general solutions for the constraints (|3.18| ) in the 
cases g = 3 and g = 4 and then we will propose a simple solution for general g. In this 
case, we will also compute the integral J^jg |3^sP- 

In the case g = 3, there are two additional points wi and W2. There is only a permutation 
in i?2g_4; its coefficient C is just a normalization of Tiij^ki- We have Fq = |Cp and the 
condition ( |3.1(j| ) is an identity. 



^'29-4 



For g = 4, we have four additional points wi , . . . , 1^4 and three different permutations in 

pi = (1,2,3,4) , p2 = (1,4,3,2) , p3 = (1,3,2,4) , 
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with coefficients Ci,C2,C3, respectively. Computing the signs S{pi,pj), i,j = 1,2,3, we 
find 

m 1^ |2 , 1^ |2 , 1^ , 

"3 



Fo = |Ci|2 + |C2p + |C3'' 



Fi = 2 Re {C1C2 - C2CS + C3C1) , 
and the condition (|3.18| ) gives 

|Ci — C2 — Csl^ = . 

Thus, we have infinite real or complex solutions for the coefficients Ci, C2, C3. 

For general g, there always exists a rather simple solution to ( p.l8|) . Let us denote by 
S2g-4 C -B2g_4 the set of all permutations p such that 

ri i = i, 

\^or^ + g-l z = 2,. .,^-2, 
\iori — g + 1 i — g, . . . ,2g — A . 
At genus g, this set has 2^~^ elements. Then, set 

1 p e S'2g_^ , 



otherwise 



where we absorbed a possible overall constant in Bg in (|1.2| ). In the following we show 
that this is a solution to ( p.l8| ). 

Fix a pair (p, a) G 5'2g_4, and define r as in ( [3.141 ). Each element r G /2 is given by 



r = r~^(r -\- g — 1). Thus, we can choose ri{r) = r -\- g — 1, and we have \ = p = id. This 
means that S{p, a) = +1 for all p, cr G S2g_4^. 

Let us now compute F^. Since C{p)C{a)S{p, a) = 1 for all p^a E 5'2g_4, it follows 
that Fn is just the number of pairs (p, a) satisfying ( |3.15| ). We can choose p arbitrarily; 
the permutations a satisfying ( p.l5|) are in one to one correspondence with the ways of 
choosing n elements in the set {2, ...,(7 — 2}. Thus 

F =2^-3 



{g — n — 3)!n! 
and by ( p.l8|) , we obtain the condition 



9-3 

^{g -n-2)[{g~ n){g - n - 1) + (n + l)(n + 2)-A{g-n- l){n + 1)] = . (3.20) 

n=0 
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Now observe that the identity 

S-3 g-3 

J2i9 -n-2){n + 2){n + l) = ^(n + l){g -n- l){g - n - 2) , (3.21) 

n=0 n=0 

which foUows by a redefinition n —* g — n — 3, also imphes 

J2i9-n-2)[{g-n){g-n-l) + {n + l){n + 2)] = + 1) J^id - n - l){g ~ n - 2) , 

n=0 n=0 

and 

5-3 g-3 

4j2in + l){9-n-l)ig-n-2)=2{g + l) ^^(n + l)ig-n-2) . 

n=0 n=0 



Then, (|3.20|) reduces to 

9-3 

J2i9-^n-3){g-n-2)=0 , 

n=0 

which is an identity, as one can verify using 

3-3 ^ 

5^ = -((7 - 2) [2{g - 2)^ - 3{g - 3) - 2] . (3.22) 
Thus, we have found a simple form for the building block 

(3.23) 

where 5'2g_4 is the subgroup of the permutations p satisfying ( |3.19|) . By ( |3.17|) and the 
kinematic relation s + t + u = 0, we have 



[ \ys\' = -{s' + t' + u')C2. 



Eq.( ^) gives 



s-3 

-C2 = 2^^-^g\{g - 3)! ^{g -n- l){g -n- 2){n + l)(detlm0)^ 

n=0 



and by (g]^ and (pi^ , we get 



S2S 



23g — 3 

|3^s|2 = ^{g + 1)!(^7 - 2)!(/ - 7(7 + 18)(s2 + ^2 ^ ^x2)(detlm0)2 

19 



4. Conclusions. 

The 2-loop 4-point superstring amplitude, in the slice independent formulation 
shows an unexpectedly simple shape and suggests some possible generalization to higher 
genus. A natural conjecture is that the measure on the moduli space is (the restriction of) 
the modular invariant measure on the Siegel upper half-space derived in . Furthermore, 
we argued that the basic building block generalizing the terms A{zi, Zj)A{zk, zi) in the 
genus 2 formula, is a sum of terms made of product of 2 determinants of holomorphic 
abelian differentials. So that, we are naturally lead to the following formula 

Ar'°°P = S, / \detg\'/^dErA...AdEsg-sJ'g{h) . 
In the case of non-hyperelliptic Riemann surfaces of genus 3 we have 

4 3-ioop^„ f IA?<jdo»jP r __\ysf_ -^.^^k,-k,G(z,,z,) 

^ (detlm0)4 (detlm0)2 

where, since there are only two extra points, there is only a possible choice for 'Hij^kh 
namely 

'Hij^ki = detu{zi,Zj,wi) det u{zk,zi,W2) + detu{zi, Zj,W2) detuj{zk: zi,wi) . 

In the case of genus g > 4 the definition of TCij^ki requires choosing a set of permutations 
over the 2g — 4 points {wk} and their relative coefficients. The simplest choice is 

^12,34 = -'^12(«'l^g-2)-'^34(M'g-1^2g-4) + Xs4{wi^g-2)Xi2{Wg-1^2g-4) ■ 

In the paper we considered the simplest generalization of (|1.1|) . However, more gen- 
eral formulas for the building blocks Hij^ki can be constructed in terms of products of 4 
determinants like det LJi{xj), times suitable functions of the kinematical variables. In the 
four matrices ^^(xj), j = 1, . . . , 4(7 each point Xj corresponds either to one of the insertion 
points zi, . . . , Z4, or to one of the 4g — A additional points {wi}, to be eventually integrated 
away. The integration may give factors that cancel some power in the overall (det Im fi)^ in 
the denominator inserted to balance the modular transformations of the four determinants 
and their complex conjugated. Thus, the basic step in defining such building blocks is the 
distribution of the points zi, . . . , Z4 and {wi} in such matrices. There are several different 
ways to implement such a distribution. In particular, with respect to the position of the 
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points zi , . 



. ,2:4, in the determinants, there are five possibihties 



detu!{zi, w . . .) detu>{zj, w . . .) detu>{zk, w . . .) detu>{zi, w . . .) , 



deta;(2;j, Zj,w . . .) detu!{zk, w . . .) detuj{zi, w 



) det u!{w . . .) , 



deta;(2;j, zj, w . . .) deta;(2;fc, zi, w 



) det u!{w 



) det <jj{w . . .) , 



(4.1) 



det u!{zi, Zj, Zk,w . . .) det u!{zi, w 



) detu){w 



) det u>{w . . .) , 



detu!{zi, Zj, Zk, zi,w . . .) detu>{w 



) det u>{w 



) det u>{w . . .) , 



where w ... is a permutation of a subset of suitable cardinahty of {wi}. Note that the last 
two combinations of determinants may appear only at g > 3 and g > 4: respectively. In 
the case of determinants which do not contain any insertion point Zi, the integration over 
the additional points leads to overall factors detlmfi reducing the power of (detlmfi)* in 
the denominator. 

In some cases, this mechanism leads to formulas involving the product of two determi- 
nants, as considered in this paper. However, in principle, there could be some interesting 
generalizations which require combinatorial analysis of rapidly growing complexity. 

Remarkably, the construction suggests a natural generalization to the n point func- 
tions, where the products of n determinants may still play the role of building blocks. On 
the other hand, at the moment we can hardly derive the exact kinematical factors they 
are associated to. An extension of our analysis and the symmetry properties of the am- 
plitudes, could, in principle, constrain the possible shape of such functions. We also note 
that the systematic use of the determinants of holomorphic one-differentials, may lead to 
control the factorization properties in the various degeneration limits. This would suggest 
the appearance of an integrable structure related to the cohomology of Mg- 
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